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ABSTRACT. Given a noncomputable, computably enumerable set D, we construct a com-
putable structure G such that any two computable copies of G are computably isomorphic
while there are two D-computable copies of G that are not D-computably isomorphic. In
other words, G is computably categorical, but not computably categorical relative to D.
Conversely, we construct a computable structure that is not computably categorical, but is
computably categorical relative to D. These results differ from those in the literature re-
garding computable categoricity and its relativiziations because the degree D is given instead
of constructed. Our work negatively answers a question of Downey, Harrison-Trainor and
Melnikov in the computably enumerable case.

1. INTRODUCTION

Computable structure theory aims to calibrate the complexity of mathematical objects. Iso-
morphism is the fundamental notion of mathematical sameness. Given this, it is natural that
understanding the complexity of isomorphisms is one of the primary subjects in computable
structure theory. A foundational observation is that sometimes two computable structures
that are classically isomorphic have a computable isomorphism between them, and sometimes
they do not. We call structures with the special simplicity property that any two computable
copies are computably isomorphic computably categorical. Computable categoricity has been
of considerable interest for several decades (see, for example, [Ers77; LR78; Smi81; Gon80b;
Rem81; GLS03; Lem+-05; MN18] for various articles from the last 50 years studying this no-
tion for specific classes of structures). This definition also relativizes. In a world where all
computation is allowed to consult the oracle X, the relevant notion is computable categoricity
relative to X, which states that any X-computable copies have an X-computable isomor-
phism between them. This too has been of interest for many years, often under the guise of
understanding relative computable categoricity (the condition that a structure is computable
categorical relative to X for every X), or the notion of Scott rank 1 (the condition that a
structure is computable categorical relative to every X on a Turing cone). More about rel-
ative computable categoricity [Ash+89; Chi90; Ven92; Dow-+13; McC02; McC03], and Scott
rank 1 structures [Sco65; Mon15; Mon16; Alv+21; GR24; Gon+; GRT26] can be read in many
sources including those cited here.

One might expect that a structure M’s status as simple is typically unchanged when switch-
ing between these models of computation. In other words, the notions of computable cate-
goricity and computable categoricity relative to X for different oracles X should be closely
tied. In a sense, this suspicion is borne out. For example, Goncharov [Gon80a] showed that
if M has a copy where the V3 theory is decidable, then computable categoricity implies com-
putable categoricity relative to X for every X. Intuitively, any “nice” structure that may
come up in the course of typical mathematical practice has such a copy.

Remarkably, however, some structures are not quite so nice and demonstrate a constella-
tion of wild behaviors when considering their categoricity relative to various degrees X. In
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[DHTM21], Downey, Harrison-Trainor and Melnikov demonstrate that there is a computably
categorical structure A and computably enumerable sets Xg <7 Yy < X1 <7 Y7 < --- where
A is computably categorical relative to X; and not computably categorical relative to Y; for
every i¢. This was taken even further by Villano in [Vil25]. For each computable partially
ordered set P and computable partition P, LI P» = P, she constructed a computably cate-
gorical structure B and an embedding of P into the computably enumerable degrees where
B is computably categorical relative to the degrees corresponding to P, and not computably
categorical relative to the degrees corresponding to Ps.

It is natural to ask [DHTM21]: is there something special about the degrees that are
constructed alongside these structures with interesting categoricity behavior? Put another
way, if you received an arbitrary set X instead of being allowed to construct one, can you
construct a computably categorical structure that is not computably categorical relative to
X7 Another equivalent way still would be to ask if there are any special sets X such that
if you are computably categorical, you are definitely computably categorical relative to X.
Our first main result states that, in the setting of X being a c.e. set, there is nothing special
about the degrees used in the constructions of [DHTM21] and [Vil25]. More precisely, we
demonstrate the following.

Theorem 1.1. Given a noncomputable c.e. set D, there exists a structure A that is computably
categorical but not computably categorical relative to D.

This answers Question 3.8 from [DHTM?21] in the case that d is computably enumerable.
Namely, there is no c.e. degree d such that every computably categorical structure is com-
putably categorical relative to d.

The constructions of [DHTM21] and [Vil25] also demonstrate the opposite phenomenon. In
particular, by moving from Y to X >7 Y we may move from not being computably categorical
relative to Y to being computably categorical relative to X. We also demonstrate that this
behavior does not depend on the choice of X among the c.e. sets.

Theorem 1.2. Given a noncomputable c.e. set D, there exists a computable structure A that
is computably categorical relative to D but is not computably categorical.

These results, taken together, can be seen as the first step into making interesting behavior
like the chain of [DHTM?21] or partial order of [Vil25] using degrees that are given instead
of constructed. There are also some similarities between our constructions and those seen in
[DHTM?21] or [Vil25]. For example, we also construct a bouquet graph, composed of centers
adorned with various loop sizes, via a detailed priority construction. Despite the apparent
connection with these known results, it should be noted that new proof ideas are needed to
approach the theorems in this article. There are two primary reasons for this. The most direct
reason is that we are only able to diagonalize in the construction when the given set X permits
us to do so. The other arguments were able to grant themselves permission whenever they
wanted in their construction of X and thereby get away with a simpler priority arrangement.
The less obvious reason is a structural one. The constructions in [DHTM21] and [Vil25] always
created a locally finite structure; only finitely many loops are ever added to each center. They
both note that this means that the structures are always computably categorical relative to
0’. In our setting, when X = 0/, we may want to construct a structure that is not computably
categorical relative to 0’. This means that we are necessarily outside of the locally finite domain
and must deal with particular types of infinite outcomes that force daisies with infinite petals.

We deal only with the standard notions from computable structure theory referred to in
this introduction. For a general reference on computable structure theory see [AK00] or [Part
121; Part 2p2].
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The article is written in four sections, including the current one containing introductory
material. The second section is dedicated to the proof of Theorem 1.1. The third section is
dedicated to the proof of Theorem 1.2. The final section is brief and indicates some directions
for future research.

2. THEOREM 1.1

Theorem 2.1. Given a noncomputable c.e. set D, there exists a computable directed graph A
that is computably categorical but not computably categorical relative to D.

2.1. Notation and definitions. Before we list the requirements and strategies needed to
prove Theorem 2.1, we define notation which will be utilized throughout the construction in
this section and in the third section.

In our computable directed graph A, the connected component with a root node called ass
will be referred to as the 2sth connected component of A. The 2sth component will always
start with cycles of lengths 2 and 5s + 1, and the (2s + 1)st component will always start with
cycles of lengths 2 and 5s + 2. For the 2sth and (2s + 1)st components of A, if a map ®2[s]
converges on them, we let us; denote the associated D-use for this computation.

Since we must build A to not be computably categorical relative to D, we need to build
a D-computable copy, B, of A. The root nodes in each connected component in B will be
referred to similarly as those in A. In the case where additional new cycles are attached to
the root nodes begs and basy1 in B, we define a new large value vs to be the associated D-use
for these new cycles in B. For s € w, if both us; and v, are defined, then we call (us,vs]
the permission interval associated with the 2sth and (2s + 1)st components of A. With this
notation, we now cover the requirements needed for our priority construction.

2.2. Requirements and Tree of Strategies. We list the requirements that we will satisfy
in our construction.
P.: ®P: A — Bis not an isomorphism; and
S; : If A= M;, then there exists a computable isomorphism f; : A — M;.

Recall that B is a D-computable copy of A which we will also build in stages throughout
the construction. The S; requirements ensure that 4 is computably categorical, and the P,
requirements will ensure that A is not computably categorical relative to D.

Let A = {oo <p s <p -+- <p w3 <p wy <p wyp <p wo} be the set of outcomes, and let
T = A<¥ be our tree of strategies. The construction will be performed in w many stages s.

We define the current true path 74, the longest strategy eligible to act at stage s, inductively.
For every s, A, the empty string is eligible to act at stage s. Suppose the strategy « is eligible
to act at stage s. (We call such a stage an a-stage.) If |a| < s, then follow the action of « to
choose a successor a (o) on the current true path based on the outcome of that action (each
type of action will be associated with an outcome below). If |a| = s, then set my = a. For
all strategies 3 such that w5 <7, (3, initialize 8 (i.e., set all parameters associated with § to be
undefined). If 8 <y 7 and |5| < s, then § retains the same values for its parameters.

2.3. Informal Description of the Construction and Interactions between different
P-strategies. We begin with some high-level descriptions of the strategies and their out-
comes.

The S strategies can take any outcome excluding s. The wy, correspond to waiting outcomes.
In particular, S; will try to match up the components of M; with the currently constructed
components of A. The outcome wj, means that it is waiting to find the &' equivalent compo-
nent in M;. If one of the wy is a true outcome, it means that S; was never able to match up
the components, so M; 2 A. The co outcome corresponds to the construction of a computable
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map between M; and A. Every time that S; makes progress in matching components, it will
report the co outcome. If the oo outcome is true, it will turn out that M; = A and we have
an appropriate computable map witnessing this.

The P strategies are a bit more complicated. For the formal description of the P-strategy,
please see Section 2.4.2. They will use all of the outcomes. The basic desire of a P, strategy is to
find two components in A and B that look like they are matched up by ®. and, when permitted
by D, switch the isomorphism type of these components (add diagonalizing loops) in B to make
®D wrong. D may not give permission on a given interval corresponding to some components,
so P, will have to try many interconnected ways to get this diagonalizing situation. The
outcome wy means that P. is waiting for <I>£ to match up the elements associated with its
kth attempt to diagonalize. If this outcome is true, it will be because <I>6D fails to be an
isomorphism, as this matching never occurs. The outcome s means success. This outcome
occurs when a successful diagonalization has been lined up and takes place. If this is the
true outcome, our intervention has worked, and so <I>£ fails to be an isomorphism. The last
outcome is 0o, which occurs when our approximation of ®2 is demonstrated to be wrong, so
we have to try again. If this is the true outcome, ®2 will consistently look like we need to
take new action to diagonalize against it. In the end, however, ®2 will not have a well-defined
use on particular elements of A, so it will not converge and will fail to be an isomorphism.

We will now detail some specific technical issues that arise as we have multiple P-strategies
acting throughout the construction, and the solutions to those issues.

We begin by describing the co outcome in more detail. Since we are defining permission
intervals, the following can occur. Let o be a P-strategy and suppose that by stage s — 1, it
has defined its parameters n) < nl < .-+ < nf and its permission intervals (Un s Uns Jo<i<k-
Suppose Dls|] # D[s — 1] because there is a new number j < u,o that entered D at the
beginning of stage s. Since j < w0, this causes the computation ®D[s — 1] on the 2nlth and
(2n2 + 1)st components of A to be undefined (in fact, it causes all computations ®2[s — 1] on
the 2n! th and (2n%, + 1)st components of A for 0 < i < k to be undefined). Since all these
computations disappear, the permission intervals defined at stage s — 1 are no longer valid.
Additionally, the enumeration did not grant permission for a to switch the position of the
diagonalizing loops in B (in fact, because k was small enough, all these loops in B disappear
at stage s as well).

In this case, we have our P-strategies carry out the following actions:

(1) Keep all its parameters defined up to that point in the construction.

(2) Delete all permission intervals (as they are now all invalid).

(3) Reconstruct any nodes and edges in B which disappeared when k entered D. Set the
use of these nodes and edges to be the same use that they had at the previous a-stage
before the enumeration of j. For A- and B-components which possessed cycles of
lengths 5n + 3 and 5n + 4 for some parameter n, we must do a quick homogenization
step. That is, we add a cycle of length 5n 4+ 1 to ag,4+1 and ba,41 and a cycle of
length 5n + 2 to asg, and to be,. Note that the cycles of lengths 5n + 3 and 5n + 4
now differentiate the connected components with root nodes ag,, and ag,+1 (and their
respective counterparts in ).

(4) When eligible to act again, proceed to carry out the strategy starting with n® and
take the wg outcome. Because the cycles of lengths 5n'™ + 3 and 5n" + 4 have been
added to some of the A and B-components for 0 < m < k, a will have to carry out its
strategy with longer cycles on those affected components.

Essentially, the actions in (1) and (2) allows « to “start over”. Although « is utilizing
some A-components which may have cycles longer than 5n + 1 or 5n + 2 for some n € w,
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they can carry out their strategies anew via (3) and (4). In this way, one can view this as «
initializing itself (rather than being initialized by a higher priority strategy moving the current
true path to the left). Throughout this write-up, we may refer to « taking the oo outcome as
« initializing itself (and so a can either be initialized by a higher priority strategy moving the
current true path to the left or via this new mechanism).

The oo outcome is precisely when « does the above actions in (1)-(3) in response to a small
enough D-enumeration.

We also make the following related observation. Let a be a Pe-strategy and S be a P.-
strategy such that a™(oco) C . Then, every time a takes the oo outcome, 3’s permission
intervals (if they are defined) will remain unless it initializes itself by taking its oo outcome
itself. Suppose « takes the oo outcome for the first time at a stage sg, and so it initializes
itself. Then, 5 is eligible to act for the first time at stage so and defines a parameter n% large
(and so it must be larger than the maximum Upr defined by a before it initialized itself) and
takes the outcome wy. Now suppose that « is eligible to act again at a stage s; > sg, and so
it defines a new large parameter nd[s{] > n% [s0].

Notice that § does not get to act again unless « takes the co outcome again after stage sg. If
« does take the oo outcome again at a stage s2 > s1 > sg, then it initializes itself again, and 3
becomes eligible to act. When it does, it will now be working with D[ss] as its approximation
of D rather than Dl[sg]. We also know that by the above, D[sg] # D[s2]. If 8 can define
parameters n or permission intervals on D[sz], then the next time « is eligible to act at stage
s3 > so, it will always define parameters and permission intervals to the right of what 5 has
defined by stage s3. In particular, if a’s progress is reset by a small enough D-enumeration,
this D-enumeration will always be large enough so it does not affect 3’s progress. Otherwise,
B is initialized itself by either having to take the co outcome itself or the current true path
moved to the left of 8 in the tree because of an action from a higher priority strategy. This is
of particular interest in the case where the calculation associated with « is cofinally disrupted
(i.e., « takes the infinite outcome in the liminf) and the permission intervals get longer and
longer over time. Because of the above observations, there is no worry that a converging 3
will be adversely affected by this, as eventually the disruptions to a will no longer injure g as
they will be too large.

We will now give formal descriptions of each strategy and their outcomes in the construction.

2.4. Formal strategies.

2.4.1. Global strategy. For this construction, we assume that at any stage in the construction,
at most one element can be enumerated into the set D. Let s be the current stage of the
construction. At the beginning of stage s, check if

D[s] = D[s —1].

If so, proceed to the highest priority strategy and follow the action of all strategies along .
If D[s] # D[s — 1], then let £ be such that ¢ € D[s] and ¢ ¢ D[t] for t < s — 1.

Case A: If there is a (least) P-strategy a and j € w such that ¢ € (uné,vng], then follow
the action of all strategies along ms until it is a’s turn to act at stage s. When « acts, it will
now be in Subcase 2.4P of its strategy (see near the end of Section 2.4.2).

Case B: If there is a (least) P-strategy a such that £ < u,g, then follow the action of all
strategies along g until it is a’s turn to act. When « acts, it will now be in Case 3P of its
strategy.

2.4.2. P,.-strategies. Let a be a P.-strategy eligible to act at stage s. At any given stage, a
P.-strategy will have an increasing sequence of parameters n’ < n! < --- < n¥ that it has

previously defined. We will also have numbers u,,; and v,,;, for j € w, defined by a which we
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will call the associated D-uses. These numbers are associated with some ®2 computation on
a pair of A-components (the “uses” w,) or with newly added loops in B (the uses of these
loops appearing, vy,).

Case 1P: If « is first eligible to act at stage s, define the parameter n? = n° to be large
and take outcome wy. The following components are then created in A[s] and in B[s] (See
Figure 1):

agno : 2,50 + 1 agpoiq ¢ 2,500 +2

bono : 2,50 + 1 bynoyq : 2,510 4 2.

FIGURE 1

In general, we will assume that every time a new parameter is defined the strategy constructs
its associated components in A and B.

Case 2P: When revisiting the strategy after Case 1P or if a took the co outcome at the
previous a-stage, then suppose a has defined an increasing sequence of parameters n’ < n! <
... < nF for k > 0. We break into the following subcases.

Subcase 2.1P: « enters this subcase and proceeds to the description in the next paragraph
if either k = 0 or v defined the number wu,,x—1 at the previous a-stage t < s after ®2[t] mapped
the 2n¥~'th and (2n*~! +1)st components of A correctly into B. Furthermore, we will require
that o has not yet successfully defined v,»—1 as described in the next paragraph (intuitively,
once we “succeeded” in this case for this k, we move on). In this case, after defining u, 1,
defines the parameter n* and takes the wj, outcome at the end of stage t. Check if ®2[s] maps
the 2n*th and (2n* 4 1)st components of A correctly into B. If not, continue taking the wy
outcome. If the map is correctly defined, proceed to the description in the next paragraph.

Define u,x to be the maximum of the D-uses of the ®[s] computation on the 2n*th and
(2n* 4+ 1)st components of A. Then, if k > 0, add the (5n*~! + 3)-loop to ay,x—1 in A and
t0 by,k—1 in B, and the (5n*~1 4 4)-loop to ag,x—1,; in A and to by,k—1,, in B and define the
D-uses of these new loops in B to be a large unusued number v,x-1. Note that v,x-1 > u,.
After adding these new loops in A, o now issues a challenge to all higher priority S-strategies
3 such that 57 (c0) C «, and defines a new large parameter n**!. Note that at this point,
each of the challenged S strategies has its parameter changed to equal n¥. (We will discuss
the parameters for S strategies in detail later, but this essentially means that this strategy
now only thinks it has matched components up to n* correctly.) Take outcome wy, ;. The
current configuration of the 2n*~1th components is (See Figure 2):

g1 1 2,501 41,5071 43 Aopk-111 : 2, 5t 492, 5nF 1 44
Dot : 2,507+ 1,50 43 by 02,505 2,500 44,

In the case where « took the co outcome at the previous a-stage, then when we add new
cycles to B-components, we add cycles of lengths 575~ 4+ m + 2 where 5nF~! 4+ m was the last



SWITCHING CATEGORICITY BEHAVIOR WITH A GIVEN DEGREE 7

FIGURE 2

longest cycle length added to these B-components. The D-uses of these new cycles, denoted
by v,k—1 will be defined to be some large unused number.

Subcase 2.2P: Suppose « defined the number v,x—2 after it was able to define both wu,,x—2
and u,x-1 like in Subcase 2.1P. In this case, a defined n¥*, took outcome wy, at the previous
a-stage t < s, and has not been initialized since stage t. Since « can act again, then its
challenge after adding new loops to ag,k—2 and to ag,k—2,1 was met by all higher priority
S-strategies  where 87 (c0) C . « now sets up the permission interval for n*=2, i.e., it
now waits to see if D[s'] | (u,r-2,v,x—2] changes at any a-stage s’ > s. After setting up this
permission interval, it also starts checking if ®[s] maps the 2n*th and (2n* +1)st components
of A correctly into B.

If o does not see that D[s] | (u,k—2,v,k—2] change or ®2[s] converge correctly on the 2n*th
and (2n”* + 1)st components of A by the end of stage s, continue to take the wy outcome. If
« sees that ®2[s] converged correctly on the A-components above, then define u,x and a new
large parameter n**1, and take the w4, outcome.

Subcase 2.3P: If a took the waiting outcome wy, at the previous a-stage ¢ < s, but no
associated D-uses were defined during stage ¢, then continue to check if ®2[s] correctly maps
the 2nFth and (2n* + 1)st components of A into B. If not, continue to take outcome wy.
Otherwise, define u, to be the associated D-use for this computation, and define v,x-1 after
adding the (5n*~! 4 3)-loops to ay,k-1 in A and by,e-1 in B and the (5n*~1 4 4)-loops to
agpk-141 in A and by, k-1, in B. Define a new large parameter n**+1 and issue a challenge to
all higher priority S-strategies 5 such that 57 (c0) C «, and take outcome wy.

Subcase 2.4P: Suppose « took the waiting outcome wy at the previous a-stage ¢ < s.
Suppose also that for some least j < k, we see that D[s] | (u,s,v,;] # D[t] | (upi,v,;]. That
is, permission has been granted for the parameter n’.

Since DI[s] | (w5, 5] # D[t] | (Upi,vns], we have that the (5n7 + 3)- and (5n7 + 4)-loops
disappeared in B while ®2[t] = ®P[s] remains on the 2n/th and (2n’ 4 1)st components of
A. Add the (5n7 + 1)- and (5n7 + 3)-loops to by,;, 1 and the (517 + 2)- and (517 + 4)-loops
to by,; in B and set the new D-use of these loops to be equal to the stage number s. Add
the (5n7 + 2)-loop to ag,; and (5n7 + 1)-loop to ag,sy; in A. Terminate all other progress
for parameters n’ # n’, and take the success outcome s. The components will now have the
following configuration (See Figure 3):

Qg1 1 2,5mF T 1,50 4 2,50 43 ageeayg 12,508+ 1,50 42,500 4
Dot 2 2,507 41,508t 42, 5pF 7t 44 bopk-141 : 2, 5nF 41,50kt 4+ 2, 500 4 3.

Note that if permission is granted for n’/ and the associated A- and B-components already
have cycles longer than 5n’ 4+ 1 and 5n/ + 2, then carry out the action mentioned above with
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FIGURE 3

the differentiating cycles of lengths 5n/ + m + 2, where 5n/ + m is the longest cycle length
attached only to ag,; and not to ag,; .1 (and their respective counterparts in B) and vice-versa.

Case 3P: Suppose « has defined

n® <nt <. <P
for £ > 0 and the permission intervals
(uni7 Uni]OSi<k

and took the waiting outcome wj, at the previous a-stage ¢t < s. If we are in Case B of the
global strategy, i.e., there is a small k£ € D[s] such that & ¢ DJt] and k < u,o. In this case, «
will retain the values of n°,...,n* but delete the permission intervals (u,:, v,ilo<i<k. o will
also reconstruct any nodes and edges in B that disappeared with the enumeration in Case B
of the global strategy with the same use that they had before. « will also homogenize any A-
and B-components as needed (see (3) in Section 2.3). Take the co outcome.

Case 4P: If o took outcome s at the end of the previous a-stage ¢ < s, then continue to
take outcome s unless « is initialized.

2.4.3. Sj-strategies. Let a be an S;-strategy eligible to act at stage s.
Case 18S: If « is acting for the first time or has been initialized since the last a-stage, define
the following:
o nyls] =0,
e f4[s] to be the empty map, and
e [,[s] = max{l : there is an [-length loop in the 2n,th and (2n, + 1)st components}

lo[s] keeps track of the longest loop length found in all components worked on or currently
being worked on by « at stage s. After defining these three things, take the wg outcome.

Case 2S: If « has defined n, (i.e., ny[s — 1] is defined) and is currently challenged by a
P.-strategy 5 where a™(0c0) C 3, then « acts as follows. [ will issue a challenge to « only
if no[s — 1] > ng, where ng denotes the A-components on which 3 added diagonalizing loops
to. After § challenges a, o searches for copies of all cycles of length at most [,[s] in all A-
components 2k, 2k+1 for k < ny[s—1]. Note that ,[s] now ranges over the diagonalizing loops
added by /3 before it issued its challenge. If no copies are found, do not extend f,[s], leave
ne unchanged, and take the w,, outcome. Otherwise, extend f,[s — 1] to f, appropriately,
increment n, by 1 and take the co outcome. In this case, declare ’s challenge to « has been
met.

Case 3S: If o has defined n, and is not currently challenged by any P-strategies, then
« continues to search for copies of all cycles of length at most [,[s] in all .A-components 2k,
2k + 1 for k < ngy[s — 1]. If no copies are found, do not extend f,[s — 1], leave n, unchanged,
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and take the w,_, outcome. Otherwise, extend f,[s — 1] appropriately, increment n,, by 1, and
take the co outcome.

2.5. Verification. We begin with the following lemmas.

Lemma 2.2. If f : A — A is an embedding of A into itself, then f is an isomorphism (and
is the identity map).

Proof. Let f: A — A be an embedding. Since embeddings preserve loops and only the root
nodes a,, are contained in more than one loop, f must map root nodes to root nodes. We first
consider the cases where the A-components have only finitely many cycles attached to each
root node.

In the case where a pair of A-components remain unchanged, that is, they look like the
following:

gy : 2,5mn + 1,
Gan+1 2,51 + 2;

then it must be the case that f(ag,) = ag, and f(agn+1) = a2nt1. Otherwise, if only finitely
many longer cycles were added to the root nodes, such as in the following configuration for
some finite k > 3:

agp 22,5+ 1,5n+2,5n+3,...,5n+ (k—1),5n + k,
aop+1 12,5+ 1,5n+25n+3,...,5n+ (k—2),5n+ (k+ 1);

then the cycle of length 5n + k is only attached to ag, and the cycle of length 5n 4 (k4 1) is
only attached to ag,t1. This forces f(ag,) = az, and f(agn+1) = aznt1-

We now consider the case where a pair of A-components have infinitely many cycles attached
to each root node. That is, as, and ag,11 are attached to cycles of lengths 5n + k for & > 1.
We have that the two components are then isomorphic to each other, and so we have that
f(ag2n) = agy and f(agn+1) = agny1. In all three cases, since A is a directed graph, it must
map the loops attached to as, and to as,+1 identically onto themselves. O

Lemma 2.3. If A =2 M; where M; is a computable directed graph and f; : A — M; is an
embedding, then f; is an isomorphism.

Proof. This follows directly from the previous lemma. U
We now state and prove important observations about the construction.
Lemma 2.4. An S;-strategy can be challenged by at most one P.-strategy at any given stage.

Proof. Let o be an S;-strategy and suppose there exists some P,-strategy /3 where § 2 a™ (c0)
and B challenges a after adding new loops to the 2nfth and (2nX + 1)st components of A
and B (during Subcase 2.1P or Subcase 2.3P). If § challenges « at a stage s, then [ takes
the wy41 outcome for the first time after also defining a large unused parameter ngﬂ.
particular, 8 will initialize lower priority strategies as it has moved the current true path to
the left. Strategies extending 5 (wg41) will now be in Subcase 1P and define new large
parameters at stage s, and so none will challenge o«. We now check what happens after stage
s. Until @ can match the newly added loops in A to their copies in B (if any), so it will remain

in Case 2S. During this time, o will take outcome Wk« Hence, while a remains in Case 28,

In

all active P-strategies v will have v 2 o™ (w, ), and so will not challenge a since w,x # oc.
a only leaves Case 2S once the challenge has been resolved, therefore demonstrating that a
second challenge cannot be issued until the first one is resolved, as desired. O
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Lemma 2.5. A P,-strategy o will define at most finitely many valid (permission intervals that
remain after a self-initialization as described in Case 3P) permission intervals throughout the
construction.

Proof. Suppose there is some P,-strategy « such that it defines an infinitely long increasing
sequence of parameters,
n<nl < o<nf<. .,
and also an infinitely long increasing sequence of associated D-uses which form currently valid
permission intervals,
Upo < Upt < -0 < Upk < ...

Vo < Upt < -0 < Ve < ..

«a cannot be initialized infinitely many times, otherwise it would only have finitely many
stages between each initialization. It would then never be able to define an infinite sequence
of associated D-uses, as each stage can only define at most one D-use. By this observation,
we can assume that all of these D-uses are defined after the point where « is never initialized
again. This means that the above sequences are all computable, as they are defined in order
after some non-uniformly determined point in the described computable tree procedure.

Let m € w be arbitrary. Using the sequences listed above, we can computably decide
whether m is in D or not. Find the least pair u,» and v,r such that u,» < m < v,x. We
know there must exist such a pair since there are infinitely many listed above in increasing,
interleaved order. (The w and v sequences are interleaved as a result of the construction
described in Subcase 2.1P.) Let s be the stage at which « sets up this permission interval.
Note that if « ever enters Subcase 2.4P after s; it will take the outcome s. Because «
is never initialized at this point, it will continue taking the outcome s forever and stay in
Case 4P forever. In particular, it will never define new permission intervals. Since « defines
infinitely many permission intervals, we know that this is not the case. In other words, a can
never enter Subcase 2.4P. By construction, this means that

D[Sk] [ (unkvvnk] =D] (unk7vnk]7

as a change in D | (u,k,v,x] makes the strategy enter Subcase 2.4P. Thus, we can check if
m € D or not by stage si. However, D is a noncomputable c.e. set and we have just described
a procedure to determine membership in D, yielding the desired contradiction. U

We draw specific attention to P,-strategies o that take the oo outcome infinitely often
throughout the construction. They must also define at most finitely many permission intervals
before they initialize themselves. Once they initialize themselves, their previous permission
intervals are no longer valid due to the D-enumeration, which caused « to take the oo outcome.
In other words, they act just like any other interval that is initialized infinitely often.

Before we state the next lemma, we introduce the following notation. Suppose « is a
P-strategy, then let u,0 = up and let ug [s] denote the value of ug at stage s.

Lemma 2.6. Let o be a Pe-strategy such that upo = ug is defined at stage t of the construction.
Suppose « initializes itself at a stage t' > t by taking the oo outcome. If a ever redefines ug
at a later stage t" > t', then ug[t"] > wuolt].

Proof. Let a and the stages t < ' < t” be as in the hypothesis. When « initializes itself
at a stage t' > t, then the next time « is eligible to act, say at a stage sq, it enters Case
2P. It has no currently defined permission intervals at this point, but has access to its set of
parameters, n®,n!, ..., n¥, which it defined before it took the co outcome at stage t'. If it can
define ug at stage t” > t/, recall that, by Subcase 2.1P, v is the maximum of the uses of

the ®L[t"]-computations on the 2nYth and (2n2 + 1)st components of .A. By use convention,
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because ®[t"] converged again on the aforementioned .A-components and t” > ¢, we have
that U [t”] > uo [t]

It is worth noting that if the 2n®th and (2nY + 1)st components of A have cycles of lengths
5nQ + k for k > 3, if ®P[t"] converged on those components again, then wug[t”] > wug|t] since
the computation now has to account for the longer cycles. O

Lemma 2.7. If limsup, ug[s] — oo, then « takes the oo outcome infinitely often.

Proof. Suppose that « takes the co outcome only finitely often. Without loss of generality,
suppose that « is on the true path of the construction (or else ug is eventually undefined).
Let so be the least stage such that for all stages s > sg, a does not take the oo outcome at
the end of stage s. Suppose that by stage s; > sg that a has defined the following parameters
n% nl ... n¥ and permission intervals (u,:, v,iJo<i<k. In particular, ug[s1] = u,0. After stage
S0, when « acts, it either takes some waiting outcome w,,;; for ¢ > k as in Subcases 2.1-3P
or the success outcome if permission is granted as in Subcase 2.4P or if it had previously
succeeded as in Case 4P. In each case, we will have that ug[s1] = ug[s1 + 1].

Additionally, since « is on the true path, no higher priority strategy will initialize «, and so
ug[s1] will remain. The only way for ug[s1] to be undefined is if there exists a D-enumeration
smaller than wug[s;] as in Case 3P that occurs after stage sj, but if this occurs, then «
must take the co outcome. Hence, for all stages ¢t > s1, up[t] = ug[s1] and it follows that
lim sup, up[s] = ug[s1] and this is finite. O

We have by Lemma 2.7 that ®2 cannot be total on A in this case because if lim sup, ug[s] —
o0, then @2 does not actually converge on the 2n’th and (2n° + 1)st components of A. So, o
satisfies its P, requirement.

In the case where lim sup, ug[s] — oo, we have the following.

Lemma 2.8. Suppose « takes the oo outcome infinitely often. If a defines the D-uses u,,
for i > 1 before every stage at which o takes the oo outcome, then the 2n’th and (2n° + 1)st
components of A (and of B) will have cycles of length 5n° + k for k > 3.

Proof. Recall that for each i € w, in order for the associated D-use v, to be defined, we
must first see that w,: and u,i+1 are defined. Once the two associated D-uses u,0 and u,
are defined, then « acts as in Case 2.1P and adds longer cycles to ag, and agy+1, and their
corresponding nodes in B. It then defines the value of v,0. Upon self-initialization when
it takes the co outcome again, o will recover any cycles that disappeared as a result of the
small D-enumeration as in Case 3P, and so those newly-added longer cycles will reappear
in the 2nh and (2n° 4 1)st components of A and B. By the lemma’s hypothesis, this
happens infinitely often, and at each self-initialization, o will add longer cycles to the A- and
B-components. Hence, the 2n°th and (2n° + 1)st components will contain cycles of length
5n° + k for k > 3. O

For an o which takes the co outcome infinitely often but may not be able to define D-uses
u,: for ¢ > 1 ever again before it initializes itself again after some point in the construction, the
2n%h and (2n° 4 1)st components will remain finite. Even though the component stays finite
in this case, Lemma 2.7 still holds. Lemma 2.8 is an interesting new part of the construction,
as now some components in A possess infinitely many cycles of increasing length. Finding a
syntactic description of the automorphism orbits of these components is now more difficult
than in previous constructions where all graph components remained finite.

We now state and prove the main verification lemma.

Lemma 2.9 (Main Verification Lemma). Let 7 = liminfs 75 be the true path of the construc-
tion, where ms denotes the current true path at stage s of the construction. Let o C .
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(1) If « is an S;-strategy, then either « takes outcome oo infinitely often or there is an
outcome w, and a stage t such that for all a-stages s > t, a takes outcome w,. If
A= M, then « takes the oo outcome infinitely often and o defines a partial embedding
fa 0 A — M; which can be extended to a computable isomorphism fa A — M,

(2) If « is a P.-strategy, then either o takes the outcome oo infinitely often or is there is
an outcome 0 € {wy, fnew U {s} and a stage t such that for all a-stages s > t, a takes
outcome o. If limsup, ug[s] — oo, then « takes the oo outcome infintely often and so
®D cannot be an isomorphism from A to B.

In addition, o satisfies its assigned requirement.

Proof. We first prove (1). Let a C 7 be an S;-strategy and let sg be the least stage such that
for all s > sg, a <y ms. Suppose that « only takes the oo outcome finitely often. Fix an
a-stage s1 > sg such that o does not take the co outcome at any a-stage s > s1. Suppose
that o takes the w,, outcome at stage s;. There are two cases to consider.

If « is not challenged at stage s1, then « acts as in Case 3S of its strategy. « cannot be
challenged by any P-strategies extending o™ (w,) and so it will remain in Case 3S taking
outcome wy, for all future a-stages until it finds copies of the A-components corresponding to
wy. However, if this happens, a would take the oo outcome after stage si, and so a must
never find these copies. Thus, « takes the w,, outcome at every a-stage s > s; and M; does
not contain the copies of the A-components and thus cannot be isomorphic to A.

If « is challenged at stage si, then « acts as in Case 2S of its strategy. By the same
argument as the one above, a can never meet this challenge by finding images for the new
loops in the A-components corresponding to w,. It follows that M; 2 A and that « takes
the w,, outcome for all a-stages s > s1.

These arguments show that if A = M;, then o takes the co outcome infinitely often.
Furthermore, if A 2 M; then a stays on one w, outcome after some stage.

We prove one more fact about the behavior of S;-strategies in the case where A = M;.
Let nq[s] denote the value of n, at the end of stage s. We now show that n,[s] — oo as
s — 00 in the case where « takes the co outcome infinitely often because A = M;. Suppose
a takes the oo outcome at a stage s > sop. We then have that ny[s] = naf[s — 1] + 1 by the
action in either Case 2S or Case 3S. Because A = M;, if « is issued a challenge by some
P-strategy 5 2O o™ (c0), there will always be a stage after the challenge has been issued where
«a can extend its map appropriately and takes the co outcome. Every time this occurs, n, is
incremented by 1, and so ny[s] = oo as s — oc.

We now prove (2), so proceed by assuming that « is a P.-strategy. Since o C T, fix sg to be
the least stage such that for all stages s > sg, a <p, ms. Suppose that a takes the co outcome
only finitely often. Let s; > so be the least stage such that for all stages s > s1, o does not
take the oo outcome at the end of stage s.

By Lemma 2.7, we have that if lim sup, ug[s] — oo, then « takes the oo outcome infinitely
often. We now show that if o takes the co outcome infinitely often, then ®2 cannot be an
isomorphism and so a meets its requirement in this way.

Assume towards contradiction that ®2 is an isomorphism. Let s’ be a large enough stage
after stage sg such that a has defined the following parameters

nd <nl <. <nk

permission intervals (uy; , Vi Jo<i<k, and that if ®D[s'] | correctly on the 2n! th and (2nf, 41)st
components of A, then ®2[s'] = ®2 on these two components with true D-use Uy [8'] = Uy -
But if @ takes the co outcome infinitely often after stage sg, there is a stage t > s’ such that
« takes the oo outcome at the end of stage t. But this would contradict the fact that s’ was
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chosen large enough so that
D[s'] Tu Dlu
since a number smaller than u,,; entered D at stage ¢ as described in Case 3P.

In the case where o does not take the co outcome infinitely often, we break into the following
subcases. Again, let s1 > sg be the least stage such that o does not take the oo outcome after
stage s1. If a remains in the first part of Subcase 2.1P or Subcase 2.3P, or in the waiting
part of Subcase 2.2P after setting up the permission interval, then « will continue to take
the corresponding waiting outcome in all those subcases. This is because the path will move
left when moving away from any of the above parts, but as s; > sg, we know that this will
not happen.

Thus, a will take some waiting outcome, e.g. wy, if it remains waiting for ®2 to converge
correctly on the 2n*th and (2n*F + 1)st components of A like in the first part of Subcase
2.1P, at all a-stages s > s1. In this case, the P. requirement is satisfied trivially since (I>6D
cannot be an isomorphism between A and B. The other above-mentioned cases are similar.

Otherwise, suppose there is some a-stage s > s; where, after waiting, « is able to set up
a permission interval for n* as in Subcase 2.2P of the P.-strategy. It then takes outcome
wy41 after defining a new large a-parameter n**!. We have by Lemma 2.5 that it is not the
case that o will choose outcomes w; where [ — 0o as s — oo for s > s1. So, either o remains
in some waiting outcome for all stages s > s; like in the first case above, or there exists some
7 < k such that

P i
Mo o

D[Sl] F (unjavnj] 7é D[Sl] F (unjvvnj]
for some a-stage s’ > s;. In this case, we can switch the diagonalizing loops on the 2nith
and (2n’ + 1)st components of B and carry out the rest of the actions described in Subcase
2.4P. « then takes the success outcome s at stage s’.

Additionally, since o C 7 and « does not take the oo outcome after stage s1, a continues to
take the s outcome for all remaining a-stages after stage s’ and that D[s'] [ s = D [ s’ (and
so the diagonalizing loops stay in their new positions for the rest of the construction). Thus
we have successfully diagonalized against ®2 with the 2n/th and (2n/ + 1)st components of
A, satisfying the P, requirement. U

3. THEOREM 1.2

We now show that the other combination, where the structure we build is not computably
categorical but is categorical relative to some given noncomputable c.e set, is also possible.

Theorem 3.1. Given a noncomputable c.e. set D, there exists a computable directed graph
A that is computably categorical relative to D but is not computably categorical.

3.1. Requirements and Tree of Strategies. We list our requirements that we seek to
satisfy.
Re: @, : A — B is not an isomorphism; and
S;: If MP = A, then M} is D-isomorphic to A.

Here, B is a fixed computable copy of A that we build alongside the latter.

Strategies will act to fulfill these requirements along a tree. The tree will be built like the
one from the previous section. The outcomes will have similar intuitive meanings as before
(though diagonalizing strategies will no longer need to use the oo outcome as the P-strategies

from before did). The basic mechanics and injury mechanism along the tree are standard and
the same as before.

3.2. Formal strategies.
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3.2.1. R.-strategies. Let D be our noncomputable c.e. set. Again we assume that at most one
element is enumerated into D at each stage s. Let ds denote the last number enumerated into
D at the beginning of stage s, i.e. we define ds = x where x € D[s| but for all t < s, = & D[t],
if such an x exists. If no such x exists, then let ds = ds_1.

Every requirement is assigned to a strategy that acts to fulfill the requirement. The first
time a strategy acts is called the initialization. Each subsequent time, we are revisiting the
strategy. Each time a strategy acts, it will go through a series of steps. Some of these steps will
only happen on the initialization or upon revisiting the strategy. The exact action will often
depend on what the strategy did previously and how other strategies have acted before the
given stage. We now describe the action of the strategies aiming to fulfill the R, requirements.

Step 1: Upon initialization at a stage s, a parameter ng is chosen to be larger than any
parameter picked in the construction so far. For this description, we let n = n§. The following
components are then created in A[s] and in B[s] (See Figure 4):

aon :2,5n+1  agpy1 2,50+ 2
bon :2,5n + 1 bopy1 2,510+ 2.

FIGURE 4

Step 2: To describe this step, we will refer to parameters of the form m;[s’]. This is a
parameter associated with the strategy acting to fulfill an S; requirement. We therefore do not
precisely describe how these are calculated until we discuss the S; strategies in more detail.
For now, it is enough to know that m;[s’] gives the number of components in the domain of
the partial isomorphism f;[s'] between MiD and A constructed by S; at stage s’.

Upon being revisited at a stage s’ > s, R, asks the following questions:

(i) Which indices ¢ have the property that m;[s’] > n? Note that if m;[s'] > n, the map
fis'] exists on the two A[s']-components above.
(ii) Does ®, map the two A[s']-components above correctly into B[s']?

If there exist such indices 7 in (i), then let u’,[s'] denote the use of the map f;[s'] on the afore-
mentioned A[s']-components. If the answer is yes to (ii), we proceed to Step 3. Otherwise,
take the w,, outcome and at the next time we revisit the strategy, we will return to Step 2
and ask the same question (ii) until the answer is yes (if ever) before proceeding. While we
wait to move on to Step 3 for this parameter n, we call it the current active parameter of
R. and continue taking the w, outcome. Its corresponding pair of A-components, which we
denote by A,, are the current active components of R..

Step 3: We break into the following cases. We will suppress the stage notation throughout
this description unless otherwise needed.

Case 3.1: Suppose there is no i such that m;[s’] > n. Then we add new cycles in A and
in B to diagonalize against ®. with the following configuration (See Figure 5):

aon :2,5n+1,5n4+2,5n+3  agpy1 :2,5n+ 1,50+ 2,5n + 4
bon 12,50+ 1,5n+2,5n+4  boya1:2,5n+1,5n+ 2,50 + 3.
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FIGURE 5

R, needs to take no further action and can end its strategy in this case by taking the s
outcome.

Case 3.2: Suppose there exist indices i such that m;[s’] > n and so the D-parameters u’,
are defined. Then, homogenize the components in A,, in the following way (See Figure 6):

agn : 2,5n+1,5n+2  agpt1:2,5n+1,5n 4 2
bon :2,5n+1,5n+2  bopry :2,5n+1,5m + 2,

FIGURE 6

and check if dgy < min{u!, : i is such that m;[s'] > n} (we refer to this property of dy as dgy
being small enough). If dy is small enough, then we add additional cycles to the components
in A, to diagonalize against ®. as follows:

aon 2,5n+1,5m+2,5n+3  agpy1 :2,5n+ 1,50+ 2,5n+ 4
bon 1 2,5n+1,5n+2,5n+4  boys1:2,5n+1,5n+ 2,5n + 3.

After adding these new cycles, for all S;-strategies 8 where i is such that m;[s’] > n and
a D f7(o0), Re redefine m;[s'+ 1] = n. R, does not need to take any further action and thus
can take the s outcome. Otherwise, if dy > u’, for some i, R, defines a new large n$, and
begins taking the previous steps with this parameter in mind, and lets the next strategy act
after taking the wye outcome. To be explicit, the strategy will create new components for this
n§ as in Step 1 and subsequently try to add these components to the list of current active
components as described in Step 2 when the strategy is revisited.

Step 4: Suppose R, is revisited at stage s” > s’ and its currently active components are
in Ay for some k£ > 0. In order of creation, it revisits all of its previously created components
Ag, ..., Ag_1 to see if D-permission has been granted (i.e., there is an enumeration into D
that is small enough) or not for each one. We have the following cases.
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Case 4.1: Suppose there is a least j < k such that dy < mjn{ué-}, then we say that R,
7

has received permission from D to finish its diagonalization using the components in A;. R,
now adds the new cycles of lengths 55 + 3 and 55 + 4 in the following way:

agj:2,5j+1,5j+2,5j+3 a2j+1:2,5j+1,5j+2,5j+4
boj 2,55+ 1,5§+2,5j+4  byje1:2,55+1,55+2,5) + 3.

R then redefines m;[s'] = j for all applicable S;-strategies, halts its work for all of its other
parameters defined so far, and takes the s outcome. We let the next strategy act.

Case 4.2: If for all j < k, R, does not receive permission from D to finish its diagonalization
using any of the A;’s, then we continue the R.-strategy for the components in Aj, by checking
if it can proceed to Step 3. Continue taking the wy outcome.

Note that in Case 4.1, we let R, finish its diagonalization using A; for the least j which
received D-permission. For all S;-strategies such that the uses u!, are defined for n > j,
the corresponding maps also get deleted because u! > miin u; by definition. Later during

verification, in the case that A = MlD , whenever S; recovers its maps on the components in
Aj, we will show that it will also eventually get the opportunity to recover its maps on the

later components found in A, for n > j.

3.2.2. Sj-strategies. We let m;[s] denote the value of the S;-parameter at the beginning of
stage s in the construction, where m;[s] = n denotes that the S;-strategy is currently looking
for copies of the components with root nodes ag, and ag,+1 (equivalently, the components
found in A,). Throughout this description, when we are looking for copies of A-components
in /\/lZD , we mean that we will always look for the oldest (the copy which appeared first and
remains throughout the stages) and least indexed (if there are multiple copies at some stage,
pick the least indexed one) copies which show up throughout the enumeration of MiD .

Step 1: Upon initialization at stage s, we define our parameter m; =0 and f; : A — MZD
to be the empty map. Take the wy outcome.

Step 2: Upon being revisited at a stage s’ > s, we first check if m;[s'] has been redefined
by some R.-strategy at some previous stage before stage s’ (see either Case 3.2 or Case
4.1 of the R.-strategy for more details). For m;[s'], we search for copies of the corresponding
A-components in MP[s']. If copies are found, we extend our definition of f;[s’ — 1] accordingly
to obtain f;[s'] and define a new large D-use uﬁni[s,] for it. Then, we increment m;[s'] by 1,
take the oo outcome, and let the next strategy act. Otherwise, we let the next strategy act
after taking the wp,, s, outcome and continue searching once S; is revisited at a later stage
s > 4.

Note that sometimes our current guess about the components of M; may be incorrect, so
we may increase m; more than we intuitively had any right to based on faulty information.
As it turns out, this is not an issue. The key input to the verification will be that m; acts as
we expect when M; and A are actually isomorphic. In other cases, it will not matter what
m; does.

3.3. Verification. We now verify that our construction in the previous section works. We
begin with some helpful lemmas regarding our construction.

Lemma 3.2. For all e € w, R, only defines finitely many A-components throughout the
construction.

Proof. Let e € w and suppose towards contradiction that R, defines infinitely many parameters
ng < mp < --- < ng < ... and thus infinitely many pairs of A-components {A,, }ic,,. No
parameters n; ever reaches Case 3.1, as that would imply that the strategy will take no further
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action afterwards, therefore each parameter always enters Case 3.2. Let n; be a parameter
which enters Case 3.2 for the first time at stage sg. Since infinitely many parameters greater
than ny are defined, then there exists a stage s; > sg such that ds, > u}lk for some i.
Additionally, for all stages ¢ > s;, we have that d; never becomes smaller than min{uﬁlk :
i such that m;[t] > ni} or else R, would enter Case 4.1 for n; and stop acting. So we
have for each nj, there exists a stage si such that for all stages ¢t > s, dy > min{ugk :
i such that m;[t] > ny} and as the nj parameters grow larger so do the D-uses u,, associated
with them. Using this, we can compute longer and longer initial segments of D, and so D is
computable, yielding a contradiction. O

Lemma 3.3. Let e € w and suppose R. has some parameter njy, for which the strategy enters
either Case 3.1, Case 3.2 and is granted immediate D-permission, Case 4.1. Then, R,
successfully diagonalizes against the computable map ®..

Proof. Let R, be a strategy and suppose that for the parameter ny = n, the strategy enters
Case 3.1 at a stage s in the construction. This means that the strategy is now able to add
the diagonalizing loops to the components in A, and to their respective B-components. We
claim that, after this, no other changes are made to A,. No other R-strategy can change A,
because, by definition, their set of parameters and thus components is disjoint from R.’s set
of parameters and components. R, also takes no further action after adding the diagonalizing
loops to A,. S-strategies never change the components of A. Taken together, A, remains
unchanged after the diagonalizing loops are added. In particular, as, is in a cycle of length
5n + 3 and not one of length 5n + 4, but ®.(as,) is in a cycle of length 5n + 4 and not one of
length 5n + 3. Therefore, ®. is not an isomorphism, as desired.

Now suppose that R. with parameter n enters Case 3.2 and is granted immediate D-
permission or it enters Case 4.1 at a stage s in the construction. As entering case Case
4.1 requires an appropriate D-permission so our verification in both cases are analogous. R,
now completes its diagonalization against ®. using cycles of lengths 5n + 3 and 5n + 4. We
similarly have that ag, is in a cycle of length 5n 4+ 3 but ®.(az,) is not. Just the same as
above, no other R-strategy or S-strategy will change the configuration of loops in A, and R,
takes no further action after it adds the new cycles above. Thus, R, succeeds in this case as
well. Note that in all outcomes, we still have that A = B. O

Lemma 3.4. Leti € w. If A= MP, then m;[s] — oo as s — oo.

Proof. Suppose A = MP so each connected component in A has a copy in MP. Let m;
be S;’s parameter. If m; is never redefined to equal some R.’s parameter, then because the
two graphs are isomorphic, eventually the strategy finds corresponding components extends
the isomorphism and increments m;. Thus, m; continues to increase and never descreases
and in this case we are done. So suppose that at some stage s in the construction, there is
some R, requirement with its active parameter n® = n that ends up in Case 3.2 and thus
mi;[s] is redefined to equal n, and so in particular, m;[s] < m;[s — 1]. In order to prove this
lemma, it suffices to show that for each m; value like this, there are only finitely many stages
t after stage s such that m;[t] < m;[s — 1] still. We will eventually see a stage s’ > s such
that m;[s’] > m;[s] because A = MP | and so there exists a copy of A,, with the new loops
added by the Re-strategy. Once the copies of A, have been found, .S; will increment m; until
eventually it becomes the same value of m;[s — 1].

By definition, m; only decreases once a R, strategy adds the diagonalizing loops to one of
its finitely many components that had previously been mapped by S;. Moreover, it need be
the case that such an R.-strategy extends S; on its infinite outcome. Because A = ./\/liD , there
is a stage after R issues its challenge where S; will recover on its redefined m; value and
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thus can take the infinite outcome again. Before this stage, all R-strategies extending S; on
a finite outcome cannot challenge and redefine S;’s parameter. Additionally, once S; recovers
and takes the infinite outcome, if it is challenged again by a lower priority R-strategy, this
R-strategy will redefine m; to be some large parameter distinct from the parameter belonging
to Re by the construction, and so we have that m;[s] — oo as s — oc. O

Lemma 3.5. Leti € w. If A= MP, then f; is an isomorphism between A and MP.

Proof. By Lemma 3.4, f; is defined on all of A if A = MP. All that remains now is to show
that f; is correct. If an A-component is never changed by some R, strategy (i.e., it never
gained the loops used to diagonalize against some computable map), then f; will be correct
on those components by our construction.

Suppose for some n, A, was changed by some R, strategy. We break into the following
cases.

Case A: Suppose R, adds the cycles of length 5n + 3 and 5n 4+ 4 to A,, as in Case 3.1 at
stage s of the construction. Since R, ended up in Case 3.1 for n, this means that m;[s] < n.
Therefore, S; had not yet mapped the loops of the A, component, so it must now only wait
until there is a stage s’ such that m;[s’] = n—1 before working on the A,, component. Because
A= MP | and by the previous lemma, eventually we will have a later stage s” > s’ such that
m;i[s”"] = n , and so f; will eventually be defined correctly on all cycles of length 5n + [ for
l€{1,2,3,4} in A,.

Case B: Suppose R, added the cycles of length 5n + 3 and 5n + 4 to A,, as in Case 3.2
at stage s of the construction. By definition, this occurs only once a D-enumeration happens
below min{u!, : i is such that m;[t] > n} at some stage t. As each S strategy assigns uses to
its fr maps, this means that the definition of f; on A,, disappears for every Sy with my[t] > n.
If S; is one of said strategies, it will simply be able to redefine f; on A, at a later stage and
when it does, it will include the newly added cycles of lengths 5n + 3 and 5n + 4. Otherwise,
S; will simply wait until m[s’] =n — 1 at some later stage s’ to create the map.

If D-permission is never granted for for A,,, then recall that R, homogenized the components
in A, at the beginning of Case 3.2. Although we have the original definition of f; on A,, since
A= MlD , copies of the homogenized A,, will eventually appear and stay in MZD . Additionally,
since the components are both isomorphic, the original definition of f; can be easily extended,
with the help of D, on the new loops to form a correct map defined on all nodes and edges
found in A,,. O

We now state and prove the main verification lemma for this construction.

Lemma 3.6 (Main Verification Lemma). Let m = liminfs w5 be the true path of the construc-
tion, where ms denotes the current true path at stage s of the construction. Let o C .

(1) If « is an S;-strategy, then either « takes outcome oo infinitely often or there is an
outcome w, and a stage t such that for all a-stages s > t, « takes outcome wy,. If
A= MiD, then a takes the co outcome infinitely often and o defines a D-computable
isomorphism fP: A — MP.

(2) If o is an Re-strategy, then there is an outcome o € {wy tnew U{s} and a stage t such
that for all a-stages s > t, o takes outcome o.

In addition, o satisfies its assigned requirement.

Proof. Towards (1), let « C 7 be an S;-strategy and let sy be the least stage such that for all
s > sg, @ <p, Ts. If o only takes the co outcome finitely often, then the argument is the same
as in the first part of the proof of Lemma 2.9(1). If A 2 MP| then by Lemma 3.4 we have that
we can build a D-computable embedding on all of A. By Lemma 3.5, such an embedding will
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be the needed D-computable isomorphism between A and MZ-D and so « satisfies its assigned
requirement.

To show (2), we have by Lemma 3.3, if R. enters either Case 3.1, Case 3.2 with D-
permission granted immediately, or Case 4.1, then it will meet its requirement by directly
diagonalizing against ®.. Otherwise, we have that by Lemma 3.2, R, will only define finitely
many A-components throughout the construction, call them Ag, A1, ..., A,. If none of these
components enter either Case 3.1 or Case 4.1, then for each A,, there is a stage s in the
construction such that R, cannot proceed to Step 3 for A,. This means that ®. never maps
the components of A to the components of B correctly. So, ®, cannot be an isomorphism
between A and B. R. meets its requirement trivially in this case. In other words, out of the
finitely many components created by the strategy, either a component succeeds in adding the
diagonalizing loops or the strategy wins by vacuity on the existence of the isomorphism it is
trying to diagonalize against. O

4. OPEN QUESTIONS AND FUTURE WORK

One way to push our results further would be to extend the degrees which we are considering.
Let M be a computable structure.

Question 4.1. Are there any (non-c.e.) degrees d where M being computably categorical
relative to d implies that M is computably categorical?

Question 4.2. Are there any (non-c.e.) degrees d where M being computably categorical
implies that M is computably categorical relative to d?

The result of Goncharov [Gon80a] suggests that these questions are interesting when d is
As. We suspect that our techniques can be used to negatively answer these questions in the
case of As degrees with a bit more care applied to similar arguments.

Another direction to take this is to consider an alternating chain of behavior of given c.e.
sets. The following would mutually generalize the main result of [DHTM21] and the results
of this paper.

Question 4.3. Given computably enumerable sets Xg <p Yo < X7 <p Y1 < --- is there a
computable structure A that is computably categorical relative to the X; but not relative to the
Y;?
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